GAP DISTRIBUTION OF FAREY FRACTIONS UNDER 
SOME DIVISIBILITY CONSTRAINTS 



FLORIN P. BOCA, BYRON HEERSINK, PAUL SPIEGELHALTER 

Abstract. We show the existence of the limiting gap distribution measure for the sets of Farey 
fractions ^ of order Q with I \ (g — a), and respectively with (q, d) = 1, as Q oo. 



1. Introduction 

The set J-q of Farey fractions of order Q consists of those rational numbers ~ g (fj, 1] with 
(a,q) = 1 and q ^ Q. The spacing statistics of the increasing sequence {Fq) of finite subsets of 
(0, 1] have been investigated by several authors [3, [TJ [6] . Recently Badziahin and Haynes considered 
a problem related to the distribution of gaps in the subset J-Q t d of J-q of those fractions | with 
(q,d) = 1, where d is a fixed positive integer and Q — > oo. They proved [2j that, for each k £ N, 
the number NQ^(k) of pairs |r) of consecutive elements in J-q^ with a'g — aq' = A; satisfies the 
asymptotic formula 

N Q4 (k) = c(d,k)Q 2 +O d , k (Q log Q) (Q^oc), (1.1) 

for some positive constant c(d, k) that can be expressed using the measure of certain cylinders 
associated with the area-preserving transformation introduced by Cobeli, Zaharescu, and the first 
author in [3J. The pair correlation of (J-Q t d) was studied and shown to exist by Xiong and Zaharescu 
[9], even in the more general situation where d = dQ is no longer constant but increases according 
to the rules d Ql | dq 2 as Qi < Q 2 and d Q < Q^sQ/ 4 . 

This paper is concerned with the gap distribution of the sequence of sets (Fq^)-, and respectively 
of (J-q^), the sequence of sets Tq^i of Farey fractions 7 = | G /"q with £ { (g — a). Our peculiar 

interest in J-q £ arises from the problem studied in |4], concerning the distribution of the free path 
associated to the linear flow through (0, 0) in M 2 in the small scatterer limit, in the case of circular 
scatterers of radius e > placed at the points (m,n) G 1? with I \ (m — n). When i = 3 this 
corresponds, after suitable normalization, to the situation of scatterers distributed at the vertices 
of a honeycomb tessellation, and the linear flow passing through the center of one of the hexagons. 
When 1 = 2 the scatterers are placed at the vertices of a square lattice and the linear flow passes 
through the center of one the squares. Arithmetic properties of the number t are shown to be 
explicitly reflected by the gap distribution of the elements of (J^q/). 

The gap distribution (or nearest neighbor distribution) of a numerical sequence, or more generally 
of a sequence of finite subsets of [0, 1), measures the distribution of lengths of gaps between the 
elements of the sequence. Let A = {xq ^ xi ^ . . . ^ xn} be a finite list of numbers in [0, 1), scaled 
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to Xj = XN _ 3 XQ with mean spacing XN N X ° = 1. The gap distribution measure of A is the finitely 
supported probability measure on [0, oo) defined by 

"A[0,£) := G [l,iV] : % - %_i < £}, ^0. 

Assuming A = (A n ) is an increasing sequence of finite lists of numbers in [0, 1) such that the 
sequence (fA n ) °f probability measures on [0, oo) converges weakly, the probability measure 1/4 = 
w* — UmVA is called the limiting gap measure of (A n ). 

n 

It is elementary (see, e.g., Lemma [1] below) that 

#T Q/ = K,Q 2 + 0,{Q\ogQ), #T Q4 = K d Q 2 + O d (QlogQ), (1.2) 

where 



-1 



We prove the following result: 



Theorem 1. T/ie limiting gap measures V(_ of {Tq 1), and respectively v d of {Tq d), exist. Their 
densities are continuous on [0, 00) and real analytic on each component of (0, 00) \ NK^, and re- 
spectively of (0, 00) \ NK d . 

The weak convergence of vg is proved in Section 2 and the limiting gap distribution is explicitly 
computed in (|2.9p using tools from [3] and [3]. The result on v d is proved in Section 4. When d is 
a prime power, an explicit computation can be done as for Vj>. In general the repartition function 
of v d depends on the measure of some cylinders associated with the transformation T from (|3.2p . 
and on the length of strings of consecutive elements in Tq with at least one denominator relatively 
prime with d. 

The upper bound 4d 3 for L(d) = min{L : V», VQ, 3j G [0, L], (qi +j ,d) = 1} was found in [2] , where 
qi,..., qi+L denote the denominators of a string ji < ■ ■ ■ < Ji+L of consecutive elements in Tq. 
Although we expect this bound to be considerably smaller, we could only improve it in a limited 
number of situations. In Section 3 we lower it to 4w(d) 3 for integers d with the property that the 
smallest prime divisor of d is ^ uj[d). The bound L{d) = 1 is trivial when d is a prime power. 
Employing properties of the transformation T 2 we show that L{d) ^ 4 when d is the product of 
two prime powers, which is sharp. Finding better bounds on L(d) when u{d) ^ 3 appears to be an 
interesting problem in combinatorial number theory. 

2. The gap distribution of Tq/ 

Let Fq* = Tq \ Tq/ denote the set of Farey fractions 7 = | G Tq with £ \ (q — a). Let Nq 
denote the cardinality of Tq . Consider also: 

Gq{€) ■= I (7,70 : 1, i consecutive in Tq, < 7' - 7 < ^ j, Nq{£) := #Gq(Q, 

Gq(0 ■= {(7,7') : 7, i consecutive in T Q/ ,0 < 7' - 7 < X j, := 

Lemma 1. iV^ } = ^j-Q 2 + 0*(Q log Q) as Q -> 00. 
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Proof. Using the symmetry x t— > 1 — x it is clear that 



^ q ) q=l a=l 



1- 

q )=l (o,g)=l 
£\a 



Letting k = f and noting that whenever (.£, g) = 1 we have (k£,q) = 1 if and only (k,q) = 1, the 
last sum above becomes 

Q WA 

E E i- 

g=l fc=l 
(€,g)=l (fe,?)=l 

Standard Mobius summation and Y^=i a o(l) = 0(QlogQ), where cr (g) = ^' (see, e.g., 
[U Lemma 2.1]) 

E E 1= E (^•f + 0(-o(.)))=^Q 2 + 0,(QlogQ) ; 

q=l fc=l q=l V ^ ' 

(*,g)=l (M=l (£,?)=1 

concluding the proof. □ 

This also establishes the first equality in (II. 2p because #Tq/ = #-7 7 q — #-7 7 q^ ~ ( 2C(2) ~ ^2F~)Q 2 - 
Letting £ > and Q,£ G N with £ ^ 2, we set out to asymptotically estimate the number 
Nq(0 as Q — ^ oo. Now if 7 = | and 7' = ^7 are consecutive elements in .Fq and 7' G > 
then 1 = a'q — aq' = q'q — aq' = (q — a)q' (mod £), which implies that (q — a,£) = 1, and thus 
7 ^ Tq. Similarly, if 7 € Tq ' , then 7' ^ -Tq ; and so no two consecutive elements of Tq belong 

simultaneously to T^q . This means that if 7 < 7' are consecutive elements in Tq/, then two cases 
can occur: 

Case 1. 7 and 7' are consecutive elements in Tq and 7,7' ^ .Tq . In this case the number of gaps 

in consecutive fractions of length < ^% is equal to M\{Q, £) = Nq{£) — Mi(Q, £) — M 2 (Q,£,), where 

Mi(Q,£) is the number of pairs (7,7') € £7q(£) with 7' G Tq\ and M2(Q,£) the number of pairs 

(7, V) with 7 6 7^. 

The number Nq(£) is estimated employing the well-known fact that 7 < 7' are consecutive 
elements in Fq if and only if q,q' G {1, . . . ,Q}, q + q' > Q, and a'g — aq' = 1. Furthermore, 

<F ~~ I = ' an< ^ so <F ~~ f < s ^ an< ^ on ^ ^ > ^~ ' ^-^ s establishes the equality 



Nq(0 = #{(<?, q')en 2 :q,q J ^Q,q + q'>Q,(q,q') = l,qq'>^\ = J2 E X > 



(2.1) 



<?'=1?6/ Q (g') 
(9,9')=1 



where Ic)(q') = Q(vq(q')i l] an d Vq(q') = max {l — q-> ^7 }• Standard Mobius summation provides 
= E (^l/g^l + OW))) = E ^1^(^)1 +0(Q log Q) 

o'=l ^ 9 ' o'=l 9 



C(2) 



Q 2 + Q(Q log Q), 
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A(0 



(x,y) G (0,1] 2 : x + y > l,xy > 





1 s 



i-l-Wl-l + flo? 



if 0< £ ^ 1 
if 1 < K 4 

if e ^ 4. 



(2.2) 



Next, we estimate Mi(Q,£). Clearly Mi(Q,£) = if £ G (0, 1], and so assume f > 1. If f- G J 7 ^, 
then (a',q') = 1 and £ | — a'). Then we have (£, g') = (£,a'), which implies that (£, q') \ a' and 
(£, q') | q' , and hence (£,5') = 1. It is therefore clear that the consecutive fractions - < ^ in Tq 

with y G F^q correspond to the pairs of integers (q, q') G (0,Q] 2 with q + q' > Q, (q,q r ) = 1, 

gg' > in which (•£,</') = 1, and there is an a' G {l,...,q'} such that a'g = 1 (mod q') and 

t \ (q 1 — a'). As a result, after also letting k = q 7° , = 1 (mod q'), and noting that a' = —k£ 
(mod g 7 ), Mi(Q,£) can be expressed as 



mi(q,o= EE E 

g'=i 9G/ Q (g') , o'=i 

«,o')=l (g,o')=l a «- X ( mod <? ) 

£|(g'-a') 

Now by (12.3D and Lemma 2.3 in [4], for any 5 > 0, 



Q 



EE E 

</'=i ?e/ Q (g') fc£[0 l9 '/^) 

(i,q') = l (q,q')=l kq=-l (mod <?') 



1. 



(2.3) 



Mi(Q,0= E 

</=l V 



/W) 



9 : 

V)=i 
Q 



/ Q (g')x[O,?7*0 



dxdy + O^g' 1 / 2 ^) 



q' = l 

Then using Lemma 2.1 in [4], we have 

1 f; ~ |/Q((?)| -~yo 

<? =1 

(V)=l 



7 E + o^(Q 3/2+5 )- 



\I Q (q')\dq' + O e (Q log Q) 



C{i) 



A(£)Q 2 + O e (Q log Q). 



- - —y-A{£)Q if £ > 1. The formula for M2(Q,£) is analogous and we infer 



This proves Mi(Q,£) ~ ^ 

Afi(Q,0=NQ(0-Mi(Q,0-M 2 (Q,0 



2C(£) 



C(2) 



^4(0Q 2 + o^(Q 3/2H 



(2.4) 



Case 2. There is exactly one fraction in .Fq between 7 and 7' that belongs to jffl . It is more 
convenient to change 7' to 7", so we shall consider triples 7 < 7' < 7" of elements in Tq with 
7' G Fq and with 7" — 7 < ^ . The equalities 



a" + a 



' + ■ 
0' 



and 7" — 7 



gg" 



(2.5) 
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involving the number 

K = 1/52(7) 



Q + q 



q> 



called the index of the Farey fraction 7 = | e .Fq, will be useful here. In particular the inequality 
7" — 7 < ^7 enforces K < Consider the set Jq,k,^(q') of elements q e (Q — q',Q] fl [-KV — 
Q, (if + l)g' — Q) that satisfy q ( K ^r_ q j < qz- This set is either empty, an interval, or the union of 
two intervals. The number A/2(Q,£) of gaps of consecutive elements in J~Q,e of length < -A^ that 
arise in this case can now be expressed, with k and £ as in (12. 3j) . as 



aw,o = E E E E 1= E E E L m 

i^<Cg'^Q g eJ Q ,x,e(Q') a's[0, 3 '] KK<£ g '^Q <?gJq,k, 5 (9') 

(g,g')=l a'q=l (mod g') (4?')=1 fceJO,?'^] 

Z\(q'-a') kg=-e (mod 5') 

Denote by Vq : k,^(q') the measure of the set Jq^k^W)-, so Vg^^Qit) = QWk,^(u), where 
W K £{u) = |(1 -u, 1] n [.Kit - 1, (if + l)u - 1) fl {u : K < £u(ifu - «)}|. 
Similar arguments as in the proof of (j2.4j) lead to 



uniformly on compacts in £, where Ak{C) = Area (fi#-(£)) with 



n*(0= (»>«)er 



1 + u 



V 1 

if, u > /^(u) := — + — 



Summarizing, we have shown 

N { q\0 = Gi(0Q 2 + O u ,s(Q 3 / 2+5 ) (as Q -> oo), (2.7) 

where 

^h(^-^>(«+TX>«>- m 

Taking also into account Lemma Q] we conclude that the gap limiting measure of (J~q/) exists and 
its distribution function is given by 

m) = i - / e Me = i - -Lo t . (2.9) 



o tf> 



2.1. Explicit expressions of Ak(£)- 



2.1.1. if = 1. When £ ^ 4 we have Al(£) = 0. When £ > 4 we have 



This can be explicitly expressed. Denote by u\$, = |(l ± \/l — f ), i*i < it2, the solutions of 



fi,^(u) = 1, and for £ ^ 8 let 1^2 = |(l ± wl — |) denote the solutions of fi^(v) = 1 — v and by 
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w+1 



Wi t 2 '■= 2fi t 2 the solutions of fi ; ^(w) = We have 

ro 



Mi) 



i 



i 



i 



.■hi - 



1 



| + | ln (m) 



if < K 4 
if 4 < £ ^ 8 
if 8 < £ < 9 



1 



2.1.2. K > 2. Note that //^(l) = //^(f ) = y + | ■ The solution of /^(u 

the curve u = Jk^(v) intersects the upper edge of Tk if and only if K < £ < — — 
it does not intersect the two lower edges of Tk and 

A K (0= I [^-fK^iv))dv 



IS V 



K 



SO 



K l , in which case 



(K+2) 2 



The solution of fK^ij^D}) > ls £ < 
the graph of u = /k^( u ) intersects the segment u = 1 

/x ' 1 ' 1 4 r(l + i) ) , and the segment u = 



This shows that when K K ^-P ^ £ < 



fll 



2(AT+1) 



1 + 



- V, V 

v±l 
K+l> 



e [mk'in^]' exactly when u 
o G [ 



x+2 



ll , exactly at i> = wk 



— | (l + ^) J , so in this case 
A K (g) = Area(T K ) - / /k, € (v) d« + / 

JDS' Jll 



K/(K+2) 



(1 - v) tfo + 



w K 



V + l 



dv. 



>K/(K+2) K + l 

Finally, when £ > ^ffi , the graph of u = Jk^{ v ) does not intersect any of the edges of Tk and 

A K (0 = Area(Tx). 

In summary we obtain 





£--g 

K 3 +8 
2K(K+l)(K+2) 

4 

K(K+l)(K+2) 



£ Vtlif / 2 1 



2(K+1) 



if ^(5+!) ^ £ ^ (^+2) 2 



if £ ^ 



(if+2) 2 



if 



K 




Figure 1. The repartition function 1 — G$(Q and the density —G' 3 (£) 
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3. Consecutive elements in Fq with denominator relatively prime to d 
In this section we comment on the first two steps in the proof of (|l.ip from [2] . 

3.1. Upper bounds on the number of consecutive Farey fractions whose denominators 
are not relatively prime to d. One of the key steps in the proof of (jTTXj) in [2] is to show that 
for any Q, any string of L ^ 4<i 3 of consecutive elements in Tq contains at least one element whose 
denominator is coprime with d. Next we provide two arguments which show that the upper bound 
L(d) should actually be much smaller than Ad 3 . As usual uj(n) will denote the number of distinct 
prime factors of n. 

Lemma 2. If u(d) ^ min{p E V : p \ d}, then L(d) ^ 4w(cf) 3 . 

Proof. We first revisit the proof of the first part of Step (i) in the proof of Theorem 1 in [2j (pp. 
210-211). Suppose Q and i\ < i 2 are chosen such that, for every j E {ii, . . . ,12}, 

max{q il ,q i2 } ^ qj and (qj,d) > 1. 

Then (g^g^) = 1 and 

{qj :ii<j< i 2 ] C {mq h + nq i2 : m, n E N, (m, n) = 1, mq h + nq i2 < Q}. (3.1) 

Let d\ = p" 1 ■ ■ -pJJ", with p\ < • • • < p u primes, be the largest divisor of d which is coprime to 
qi x . Then co < oj(d) ^ min{p E V : p | d} ^ pi. Fix some integer L with w + 1 ^ L ^ pi. We claim 
that there exists mi E N, mi ^ L such that (miq^ + qi 2 ,di) = 1. If not, then (£q^ +qi 2 ,di) > 1 
for all £ E {1, . . . , L}. Since L > uj, the Pigeonhole Principle shows that there exist iq E {1, . . . , uj} 
and 1 ^ £ < £' ^ L such that pj | {£q^ + g« 2 ) and pj | {£'qi ± + qi 2 ), and so pi \ {£' — £)q% x . But 
{Piq-, Qh) = 1) hence L > £' — £ ^ pi ^ pi, which contradicts L ^ pi. 

So if (miq^ + qi 2 ,d) > 1, then there exists p prime with p | g^ and p | (miq^ + gj 2 ), thus 
contradicting (gi x ,gi 2 ) = 1- Hence (m-ig^ + qi 2 ,d) = 1, which in turn yields Q ^ w-igij + <fe ^ 
Lqi x + gj 2 . In a similar way one has Q ^ + Lgj 2 , thus (I3.1j) leads to 

Uj - k < j < k} C {mq h + ng i2 : 1 ^ m, n ^ L}, 

and in particular i 2 — ii ^ L 2 . 

The second part of the proof proceeds ad litteram as in the proof of Step (i) pp. 211-212] 
replacing d there by L. □ 

When d is the product of two prime powers the bound above can be lowered. In this case we 
show that L(d) ^4 which is sharp for d = 6 because ^ < | < | < ^ are consecutive in J 7 ^ . Our 
proof employs elementary properties of the area preserving invertible transformation T : T — > T 
defined [3] by 

T(x,y) = (y,K(x,y)y - x), (x,y)eT, where (3.2) 

T = {(x,y) E (0, l] 2 : x + y > 1} and n(x,y) = 

An important connection with Farey fractions is given by the equality 

T ( Qi Qi+i \ = ( Qi+i Qi+2\ 

w Q ) V Q ' Q J' 

Consider also the regions 7k = {(x,y) E T '■ n(x,y) = k}, k E N. The following inclusions will be 
useful in the proof of the next lemma: 

TT k C Ti if k > 5, T(T 3 U C Ti U T 2 , TT 2 c 71 U T 2 U T 3 U 71, 

T(TT 2 nT 3 ) c7InT 2 , T%cr 1 uT 2 . 



l + x~ 

y 
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Lemma 3. If d = p a q^ then for each i with 7j_i G Tq and {qi-i, d) = 1, there exists j G {1, . . . , 5} 
such that (qi+j ,d) = 1 . 

Proof. We have q i+2 = Kq i+ i-qi, q i+3 = K'q i+2 -qi+i, qi+4 = K"q i+ 3-q i+ 2, qi+5 = K'" q i +4-q i +3 1 
where if = k[%,*$), K> = K^,*?), if" = k^,*?), and if'" = Suppose 
that (gj, d), . . . , (qi+4, d) > 1. Then either p\ (q i: q i+2 , qi+4) and q \ (q i+1 ,q i+3 ,q i+5 ), or vice- versa. 

Without loss of generality we can work in the first case. The equality qi+2 + q% = Kqi+i and 
p \ qi + i yield p \ if. Assume first that if ^ 5. Since ^W-) G Tk and TTk Q 7i we must have 
if' = 1, hence qi+2 = Qi+i + Qi+3 must be divisible by q, a contradiction. In particular p = 5 cannot 
occur. 

When p = 3 and if = 3 from T7i C Ti U 7i it follows that if' G {1,2}. When if' = 1 a 
contradiction is inferred as above. When if ' = 2 from + qi+3 = 2qi+2 and (7 | (qi+i, qi+3) it 
follows that q = 2. The region T73 n 7i is the quadrilateral with vertices at (\,\), (§,§), (f > f)) 
and (f , f ) , being further mapped by T into a subset of 71 U T2 whence if" G {1, 2}. Again if" = 1 
leads to an immediate contradiction, while if" = 2 yields qi+2 + qi+4 = 2qi+%, showing that p = 2, 
another contradiction. 

When p = 2 and if < 5 we have if G {2, 4}. Assume first K = 2. As TT 2 ^ T1UT2UT3UT4 
and if' 7^ 1 it remains that if' G {2,3,4}. Employing qi+i + qi+3 = if 'qi+2 and q \ (<?i+i, gj+3) it 
remains that if' can only be equal to 3 and therefore q = 3. Furthermore T73 C 7lU72 and if" 7^ 1 
yield if" = 2. Employing again T(TTz n 7i) Q 71 U 7i we infer if'" = 2, and so qi+3 + qj + 5 = 2qi+4, 
which is again a contradiction because 3 divides qi+3 + ^+5 and cannot divide 2qi+4. Finally 
assume if = 4, so if ' G {1,2} and q must divide qi+2 as a result of qi+\ + qi+3 = K'qi+2- Thus 
q I (qi+i, qi+2), a contradiction. □ 

Note that if (p n ) is the sequence of primes, then none of the denominators of the fractions 
in T Pn \ {1} are relatively prime to nr=i^*- This gives the lower bound #T Pn — 1 on the size 
of the largest string of consecutive fractions in Tq \ Tq^ for some Q, d € N with u(d) = n. 
Since p n ~ nlogra as n — > 00 and #Tq ~ ^Q 2 as Q — > 00, there exists A > such that 
#T Pn - 1 ^ ^(nlogn) 2 . Thus any upper bound on L(d) involving only uj(d) must be greater than 
A{uj(d) log uj{d)) 2 . 

3.2. The index and the continuant. The second step in the proof of (1.1) in [2] relies on [H 
Lemma 1], which is actually exactly Remark 2.6 in [5] (see also Lemma 5]), and on a result 
relating the I- index of a Farey fraction and the continuant of regular continued fractions. The 
^-index of 7^ = ^ G Tq is the positive integer vA^i) = ai+^-i^i-i — a^iqi+i-i where denotes 

the /c th successor of 7, in Tq . The (regular continued fraction) continuants are defined as usual by 

Kq(-) = 1, K x (xi) = 1, Ki(xi,...,x e ) = x e K e _ 1 (xi,...,x e ^ 1 ) + K e _2{xi,...,x e -2) if ^ ^ 2. 

In [S] the identity 

M"ti) = £iKt-i(- V2{li),V2{li+i), ■ ■ ■ , (-1)^^2(7^-2)) (3.3) 

was proved, with q = 1 if I G {0, 1} (mod 4) and eg = — 1 if £ G {2, 3} (mod 4). 
We give a very short proof of (13. 3p . We define the Farey continuants Kf by 

if(f (•) = 1, iff (xi) = xi, iff (xi, . . . = xzKf_ x (xx, . . . ,xi-i)-K[_ 2 (xi, . . .,X£- 2 ) if t ^ 2. 

The defining equalities for if^ and iff plainly yield 

(xi l\ fx e l\ _ f K £ (x 1: ...,x e ) if^_i(zi,...,a^_i)\ w>9 /„.n 
VI 0J"\1 0)-\K t - 1 (x2,...,x t ) K^2(x2,...,xt„ x ))' 

V-i oy v _1 °/ V-^-ii^,---,^) -if/_ 2 (x 2 ,---,^-i)/ 
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The equality ()3,3p follows immediately from (|3.4j) , (I3.5|) and 

x l\ ( y l\ f-x 1\ A/ 1 

-l o; v-i o; - v i V 1 o 

4. The gap distribution of Tq^ 

Letting d G N and £ > 0, we wish to asymptotically estimate the number of pairs of consecutive 
elements 7 < 7' in Tq$ such that 7' — 7 < ^ as Q — > 00. It is plain that 

Q /-Q C(d) 

#?Q,d = E v(q) = C(d) q dq + O d (QlogQ) = -^Q 2 + O d (QlogQ), 

q=l J° 
(q,d)=l 

showing the second equality in (jl.2p . Denote Nq = and 7j = I 2 -, so the number of pairs of 

fractions we wish to estimate is 

at m n V^/-J\/-/Ar = (li+i-ud) = 1> > l,--->(«+/-2,d) > l] 

l=\ k=l I V ' ^ ' «-Hif/-i J 

It is shown in [31H] that given i G {1, . . . ,Nq} and k,£ G N with £ ^ 2, if 1^(7$) = fc, the (£-l)-tuple 
(^2(7?)) • • • 1^2(71+^-2)) can take on n(k,£) values, where n(k,£) G NU{0} depends only on k and £ 
and not on i or Q; and in [8], it is proven that z^(7i) can be determined if (^2(71), • • • i ^2(71+^-2)) is 
known (cf. identity (|3.2p above). Therefore, letting {ar(A;,£, ti)}^=i be the (£ — l)-tuples for which 
u t{li) = ^ whenever x(k, £, m) = (^2(71), • • • > ^2(71+^-2)) for some m G {1, . . . , n(k, £)}, we have 

N d (Q,0 = #|l < i < iV Q : = ( ft ,d) = 1,^^ > -} 

M £ n J^ ( = (<?i+£-i,<) = 1, > i,...,(<?i+£-2,c0 > i\ 

f^kVl x(* J /,m) = M' W ),...^(^_ a )), ^f^>f J" 

■c. — ft — _L TTli — -L 

Since qj + i = ~ Qj-i ^ or 1 ^ J ^ -^Q ~~ 1) the residue classes of the denominators 

qi-i, . . . ,qi + £_i can be determined once the residue classes of qi-\ and and the {£ — l)-tuple 
(^2(71), • • • j ^2(74+^-2)) are known. Thus, there is a subset Ak,e,m Q {!>•••> d} 2 such that when 
faili), ^2(7^-2)) = x(k,£,m), we have (qi-i,d) = (q i+ e-i,d) = 1 and (q i+j -i,d) > 1 
for 1 ^ j < £ if and only if (mod d) G Ak,i,m- (Note clearly that (a,d) = 1 for 

(a,b) G Ak,e : m-) Furthermore, if we let x(k,£,m) = (xi(k,£, m), . . . ,X£-i(k,£, m)) and denote 
Z 2 is = {(a,b) G Z 2 : (a,b) = 1}, it is clear that (1*2(71), . . . ,1^2(74+^-2)) = x(k,£,m) if and only if 

(?i-i>9i) ^ Q(%i(k,e,m) n T~ l T X2 {k,i,m) n • • • n T ^"^T^^^m)) n z 2 is . 

Now if we let 7ri, 7T2 : R 2 — )■ M be the projections onto the first and second coordinates respectively, 
then = 7n (gffi, |) (7T2 o T^ 1 ) (V>8)» and so > I if and only if (ft-i,®) G 

Qg^Hf where g£ = 717 • {1T2 T^ _1 ). Now set g±(x,y) = xy and 

^fc,4m(£) = Ti^fe^m) n T^Tx^k^m) H • • • fl T'^^Tx^k^m) n 5£ 1 (7' °°) ' 



«l(0 = T n yf 1 f-, 00) , ^1 = {(a, b) : a, 6 G {1, . . . , d}, (a, d) = (6, d) = 1}. 
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We then have 

N d (Q,0= E #Qtti(Ori{(a,b) + dz 2 )nz 2 vis 

(a,b)eAi 

L(d) [£] n{k,l) 

+ #Qn kAm (Ori{(a,b) + dZ 2 )n: 

1=2 k=l m=l (a,b)&A k ,l, m 

where we have used the fact that if (a, b) G QT n Z 2 is , then there is an i such that a = qi-\ and 
b = qi. One can prove in a similar manner to [21 Lemma 2] that for all bounded VL C R 2 whose 
boundary can be covered by the images of finitely many Lipschitz functions from [0, 1] to M 2 , and 
for all A C {1, . . . , d} 2 in which (a, d) = 1 for all (a, 6) G A, we have 

£ #Qtt n ((a, 6) + dz 2 ) n z 2 vis = ATe ^* A II f 1 " 4 ) + <W lo s 0) 

p]d 

as Q — t- oo. It is easily seen that the boundaries of ^i(C) and ^k£m(£) can be covered by finitely 
many Lipschitz functions from [0, 1] to M 2 , and therefore, we have 

N d (£,Q) =C d (0Q 2 + O d (Q log Q) (as Q^oo), 

where 

i \ — l / Kl "(M) 

Cd(0 = tt^2 II 1 " ^2 <^) 2 Area(^ (0) + EEE Area(n M , m (£))#.A M 

noting that = <^{d) 2 . 

The gap limiting measure of (Tq^) exists and its distribution function is given by 

F d{() = 1 -J^^l-±C d (±y (4.1) 

When d is a prime power this can be expressed in a more explicit formula as in (12.9|) . 
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